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Beyond a pure mathematical interest, q-deformation is promising for the modeling and interpre-
tation of various physical phenomena. In this paper, we numerically investigate the existence and
properties of the self-localized soliton solutions of the nonlinear Schro¨dinger equation (NLSE) with
a q-deformed Rosen-Morse potential. By implementing a Petviashvili method (PM), we obtain the
self-localized one and two soliton solutions of the NLSE with a q-deformed Rosen-Morse potential.
In order to investigate the temporal behavior and stabilities of these solitons, we implement a Fourier
spectral method with a 4th order Runge-Kutta time integrator. We observe that the self-localized
one and two solitons are stable and remain bounded with a pulsating behavior and minor changes
in the sidelobes of the soliton waveform. Additionally, we investigate the stability and robustness
of these solitons under noisy perturbations. A sinusoidal monochromatic wave field modeled within
the frame of the NLSE with a q-deformed Rosen-Morse potential turns into a chaotic wavefield
and exhibits rogue oscillations due to modulation instability triggered by noise, however, the self-
localized solitons of the NLSE with a q-deformed Rosen-Morse potential are stable and robust under
the effect of noise. We also show that soliton profiles can be reconstructed after a denoising process
performed using a Savitzky-Golay filter.
PACS numbers: 02.20.Uw, 03.65.w, 05.45.Yv
I. INTRODUCTION
Quantum harmonic oscillator (QHO) is widely ac-
cepted and commonly implemented as a model to study
the atomic and molecular vibrations [1–5]. The most
common form of the QHO involves linear Schro¨dinger
equation and a potential term in the form of a parabolic
trap. This form of the QHO is one of the rare solv-
able models in quantum mechanics and admits solutions
in the form of Hermite polynomials [1–5]. There are
many possible extensions of the QHO. While it is pos-
sible to extend it to higher dimensions [4, 5], some re-
searchers have proposed and investigated various forms
of the nonlinear quantum harmonic oscillator (NQHO)
[6–12]. Some of the literature is devoted to the inves-
tigation of the QHO under significantly nonlinear elec-
tric fields which eventually leads to various forms of the
nonlinear Schro¨dinger equation (NLSE) [6, 7]. Similar
equations of NLSE type are also studied to model Bose-
Einstein condensation and soliton tunneling where the
potential function is parabolic type [13–17]. Some other
researchers have investigated various forms of potentials
behaving nonlinearly and their effect on the quantum
harmonic oscillations [8, 11, 12].
On the other hand, the idea of the quantum group
was developed for the quantization of inverse scattering
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theory. In order to solve the 1+1 dimensional quan-
tum integrable systems, this quantum inverse scatter-
ing theory can be used [18]. From a mathematical
perspective, a quantum group is basically a Hopf alge-
bra, and the algebraic structure must satisfy the Hopf
algebra axioms. There are many techniques to con-
struct a quantum group, such as Woronowicz’s method
[19], Manin’s approach [20] and Drinfeld’s approach [21].
While Woronowicz’s approach utilizes non-commutative
multiplication, in Manin’s approach a quantum group
is constructed by making linear transformation on the
quantum plane. Manin’s approach can also be used to
construct the inhomogeneous invariance quantum groups
[22–25].
In Drinfeld’s approach, a deformation parameter q is
defined on Lie algebra [21]. Although a Lie algebra is a
subject of mathematics, q deformation has deep meaning
in physics. The idea of deformation was applied to par-
ticle algebras and the first examples of deformed particle
algebra is the generalization of boson algebra [26, 27].
Macfarlane [28] and Biedenharn [29, 30] showed the re-
lation between q-deformed boson algebra and SUq(2).
Another interesting application of q-deformation is
thermodynamics. The generalization of Boltzmann-
Gibss entropy is constructed by Tsallis [31]. The search
for thermodynamic properties of q-deformed systems,
such as those investigated in [32–35], is still an active
area of research. Also, as the quantum thermodynamics
becomes more popular [36–40], the q-deformation gets
another significant role, that is the relationship between
entropy and information theory implies a new research
area for q-deformed systems.
2The q-deformation has found several application areas
in quantum information as well. Hasegawa studied quan-
tum Fisher information and q-deformed relative entropies
[41]. Two- and three-particle logic gates were derived for
qubit and qutrit states based on q-deformation [42–44].
Nonclassical properties of noncommutative q-deformed
cat states were analyzed by Sanjib [45], and Berrada and
Eleuch [46], who also studied entanglement of nonlinear
systems in the context of q-deformation in q-Heisenberg
Weyl algebra [47].
The q-deformation is also used to fit the theoretical
results to the experimental ones in nuclear and atomic
physics [48–53], and Sviratcheva et al. revealed the sig-
nificant role of q-deformation in understanding higher-
order effects in the many-body interactions [54]. Various
dynamic equations of NLSE type with q-deformed poten-
tials have been proposed to model q-deformed processes
in nuclear and atomic physics (see i.e. [55–57] and the ref-
erences therein), and very recently Nutku et al. studied
the complexity of q-deformed quantum harmonic oscilla-
tor [58].
In this paper, we numerically investigate the self-
localized soliton solutions of the NLSE with a q-deformed
potential. The q-deformed potential we investigate is of
Rosen-Morse type which is commonly used in the liter-
ature to model the q-deformation [55]. In order to con-
struct soliton solutions of the NLSE with a q-deformed
Rosen-Morse potential starting from arbitrary initial con-
ditions, we implement Petviashvili’s method (PM) [69].
We discuss the effects of q-deformed Rosen-Morse poten-
tial on the characteristics of the self-localized one and
two soliton solutions of the NLSE. It is a known fact
that the self-localized solitons may be stable or unstable.
Thus, in order to investigate the stability characteristics
of those solitons, we calculate the soliton eigenvalue vs
power graphs in order to assess the Vakhitov-Kolokolov
condition which is one of the necessary conditions for the
linear soliton stability. Then, by implementing a Fourier
spectral method with a 4th order Runge-Kutta time in-
tegrator, we investigate the nonlinear stability and tem-
poral dynamics of the solitons of the NLSE with a q-
deformed Rosen-Morse potential. We observe that self-
localized one and two soliton solutions of this model are
stable and the main lobe of the soliton waveform is well-
conserved during temporal evolution and only minor side-
lobe changes are observed which have a pulsating behav-
ior. We display the time vs soliton power graphs which
are necessary to control the stabilities of those solitons.
Additionally, we investigate the stabilities and robustness
of these solitons under noise by imposing a white noise
term to the self-localized solitons during time-stepping.
When a sinusoidal monochromatic wave within the frame
of the NLSE with a q-deformed Rosen-Morse potential is
subjected to noise, the modulation instability turns the
monochromatic wavefield into a chaotic one which ex-
hibits rogue harmonic oscillations, which can be basically
defined as high and unexpected waves having a standing
behavior. We discuss the effect of q-deformation on the
statistics of these chaotic wavefields. However, contrary
to this result, we observe that the self-localized solitons of
the NLSE with a q-deformed Rosen-Morse potential re-
main stable and robust under the effect of noise. We also
show that the noise can be removed and the main soliton
profiles can be reconstructed after a denoising process
performed using a Savitzky-Golay filter. We discuss our
findings and comment on the applicability of our results.
II. MATHEMATICAL FORMULATION AND
DISCUSSION
Various forms of the NLSE and their extensions with
different types of potential functions are commonly used
as models in the fields including but are not limited quan-
tum mechanics [6, 7, 59], nonlinear optics [60–65], hy-
drodynamics [66, 67]. Following these studies, the non-
dimensional NLSE equation with a potential term can be
written as
iψt + ψxx + σ |ψ|
2
ψ − V (x)ψ = 0 (1)
where ψ denotes the complex wavefunction and t, x de-
note the temporal and spatial parameters, respectively.
Here, i is the imaginary unity and σ is a real constant
which controls the nonlinearity. Throughout this study,
this parameter is select as σ = 1. In Eq. (1), V (x)
denotes the potential function. Some of the commonly
used potentials are parabolic traps, photorefractive and
saturable photorefractive potentials, Coulomb potentials,
just to name a few. In this paper, we investigate the of
q-deformed potentials and investigate the self-localized
soliton dynamics of the NLSE with a q-deformed po-
tential. There are some known solutions of the differ-
ent nonlinear systems with q-deformed potential such as
those given by Falaye et al. [55], and Eleuch [68], how-
ever, they are valid either for steady state or for differ-
ent models. With this motivation, we consider the un-
steady NLSE with the q-deformed Rosen-Morse poten-
tial in this study. The q-deformed Rosen-Morse potential
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FIG. 1: q-deformed Rosen-Morse type potential for various q
values.
3(see i.e. [55] and the references therein) can be written
as: V (x) = Asech2q(αx) +Btanhq(αx) where q-deformed
hyperbolic functions are defined as sechq(x) =
2
ex+qe−x
and tanhq(x) =
sinhq(x)
coshq(x)
= e
x
−qe−x
ex+qe−x [55]. The shape of the
q-deformed Rosen-Morse potential is displayed in Fig. 1
for various values of q.
The usage and benefits of using this type of q-deformed
potential is discussed in the preceding section of this pa-
per by referencing the relevant literature. In this paper,
we investigate the self-localized soliton solutions of the
NLSE given by Eq. (1) with a q-deformed Rosen-Morse
potential function displayed in Fig. (1).
It is possible to obtain the self-localized solutions of dif-
ferent nonlinear systems using numerous computational
and analytical techniques [69–72]. Some of these meth-
ods are shooting, self-consistency and relaxation meth-
ods [69–72]. Among these methods, the Petviashvili
method (PM) is a popular choice [69]. In PM, the gov-
erning nonlinear equation is transformed into wavenum-
ber domain by utilizing Fourier transforms and iterations
of the scheme are performed until a convergence crite-
rion is achieved. The convergence criterion depends on
the degree of nonlinearity [69–72]. This method, which
is known as PM, was initially proposed by Petviashvili
and implemented to obtain the soliton solutions of the
Kadomtsev-Petviashvili (KP) equation in [69]. Later,
PM was commonly used to analyze various nonlinear
physical phenomena such as dark and gray solitons and
lattice vortices, just to name a few [70, 71, 73]. Since
PM only works well for nonlinearities with fixed homo-
geneity and its extension which is known as the spectral
renormalization method (SRM) is proposed to deal with
other types of nonlinearities [60, 70]. Later, in order
to obtain self-localized solitons when there are missing
spectral data, another extension which can be named as
compressive spectral renormalization method (CSRM) is
proposed by one of us [72].
The PM transforms the governing nonlinear equation
into wavenumber space using FFts and iteration are per-
formed in the Fourier space until convergence of the
scheme is achieved. The convergence criterion is basi-
cally an energy conservation principle [69, 70]. We refer
the reader to [60, 69, 70] (and the references therein) for a
more comprehensive discussion of the PM, its extensions
and applications.
In this section, we apply the PM to the NLSE with a
q-deformed Rosen-Morse type potential to obtain its self-
localized soliton solutions. With this purpose, we rewrite
the NLSE given in Eq. (1) as
iψt + ψxx − V (x)ψ +N(|ψ|
2
)ψ = 0 (2)
where N(|ψ|
2
) = σ |ψ|
2
is the nonlinear term. Pluging
in the ansatz, ψ(x, t) = η(x, µ)exp(iµt) the NLSE with
q-deformed Rosen-Morse potential becomes
− µη + ηxx − V (x)η +N(|η|
2
)η = 0 (3)
where µ denotes the soliton eigenvalue. Usin the defini-
tion of the 1D Fourier transform, the Fourier transform
of the parameter η can be obtained as
η̂(k) = F [η(x)] =
∫ +∞
−∞
η(x) exp[i(kx)]dx (4)
It is possible to derive the spectral iteration equation
by taking the 1D Fourier transform of Eq. (3). How-
ever, it is known that the iteration equation which can
be derived this way would lead to a singularity. In order
to avoid singularity of the iteration scheme, we add and
substract a pη term from Eq. (3) where p denotes a real
number with p > 0 [69, 70]. This parameter is selected
as p = 1 throughout this study. After this operation, the
1D Fourier transform of Eq. (3) gives
η̂(k) =
(p+ |µ|)η̂
p+ |k|2
−
F [V η]− F
[
N(|η|
2
)η
]
p+ |k|2
(5)
which is our iteration scheme for the NLSE with a q-
deformed Rosen-Morse potential. In order to obtain a
convergence criterion for the iterations, one can introduce
a new parameter η(x) = γξ(x), and denote its Fourier
transform as η̂(k) = γξ̂(k). Using this substitution, the
iteration formula given for the NLSE with a q-deformed
Rosen-Morse potential becomes
ξ̂j+1(k) =
(p+ |µ|)
p+ |k|
2 ξ̂j −
F [V ξj ]
p+ |k|
2+
F
[
σ|γj |
2|ξj |
2ξj
]
p+ |k|
2
= Rγj [ξ̂j(k)]
(6)
The convergence criteria for PM can be attained by mul-
tiplying both sides of Eq. (6) with ξ̂∗(k) and integrating
to evaluate the total energy. After these operations, the
normalization constraint becomes∫ +∞
−∞
∣∣∣ξ̂(k)∣∣∣2 dk = ∫ +∞
−∞
ξ̂∗(k)Rγ [ξ̂(k)]dk (7)
The constraint given in Eq. (7) ensures that the scheme
converges to self-localized solitons of the dynamic equa-
tion under investigation. Then, starting from the initial
conditions, Eq. (5) and the energy constraint given in
Eq. (7) are applied iteratively to find the profile at each
iteration count. Iterations are ceased after the parame-
ter γ convergences to a specified error bound. This error
bound is selected to be 10−5 and used for all simulations
presented in this paper.
Using a Gaussian in the form of exp (−x2) as the ini-
tial condition, we implement the PM summarized above
for various values of the deformation parameter q. The
computational domain length and domain are selected
to be L = 80 and x = [−L/2, L/2], respectively. The
number of spectral components is selected as N = 1024.
The self-localized one soliton solutions of the NLSE with
the q-deformed Rosen-Morse type potential is depicted in
Fig. 2 for various values of deformed parameter q. In this
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FIG. 2: Self-localized one soliton solutions of the NLSE with
the q-deformed Rosen-Morse type potential for various values
of q.
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FIG. 3: Self-localized two soliton solutions of the NLSE with
the q-deformed Rosen-Morse type potential for various values
of q.
plot, the amplitude of the self-localized soliton obtained
for the non-deformed case (q = 1) is used as the normal-
ization amplitude. Checking Fig. 2, one can observe that
a decrease in the deformation parameter q leads to a scal-
ing of the soliton amplitude. Additionally, a significant
spatial shift in the location of the peak of the soliton is
also observed. Checking the odd parts of the solitons, we
did not observe any skewness in the soliton profile.
When the simulations are initiated using two Gaus-
sians leading to an initial condition in the form of
exp (−(x− 15)2)+exp (−(x+ 15)2), the PM converges to
self-localized two soliton solutions of the NLSE with the
q-deformed Rosen-Morse potentials. These two peaked
solitons are displayed in Fig. 3 for various values of the
deformation parameter q. Compared to the one soliton
solutions, these two solitons do not exhibit a significant
shift in the location of the peak when different values
of q are used. Also, the decrease in soliton amplitudes
becomes less significant.
Regarding soliton analysis, one of the questions of
practical importance is whether the solitons found by PM
are stable or not. There are some studies which investi-
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FIG. 4: Self-localized one soliton power vs soliton eigenvalue,
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FIG. 5: Self-localized two soliton power vs soliton eigenvalue,
µ.
gate the stability characteristics of solitons (see i.e. [74–
76] and the references therein). One of the necessary,
but not sufficient conditions for soliton stability is the
Vakhitov-Kolokolov condition, which is also known as the
slope condition [74]. This condition states that when the
positive values of the soliton eigenvalue are considered,
that is for µ > 0, the dP/dµ > 0 condition should hold
true [74]. Here, P =
∫
|ψ|2dx is the soliton power. In or-
der to check if this criterion is satisfied, we plot the soliton
eigenvalue vs soliton power graphs for self-localized one
and two solitons in Fig. 4 and Fig. 5, respectively. For
the range of soliton eigenvalues, i.e. µ ∈ [0, 10], consid-
ered, we observe that the Vakhitov-Kolokolov condition
with the exceptions of some spikes in Fig. 5. Thus, the
solitons eigenvalue of µ = 2 is used for all the simulations
presented throughout this paper.
Although the Vakhitov-Kolokolov condition is neces-
sary for the soliton stability, it is not sufficient. Some
forms of the spectral conditions for the soliton stabil-
ity are discussed in [75, 76]. Under some circumstances,
the analytical forms of the spectral condition may be de-
rived. However, researchers generally assess the stability
of solitons by observing their temporal dynamics. With
5this motivation, we implement a Fourier spectral scheme
with 4th order Runge-Kutta time integrator for the time
stepping of the NLSE with the q-deformed Rosen-Morse
potential. We begin by rewriting the NLSE given by
Eq.(1) as
ψt = i
(
ψxx − V (x)ψ + σ |ψ|
2
ψ
)
= h(ψ, t, x) (8)
Here, h(ψ, t, x) is a new function used to denote the right-
hand-side of Eq.(8). The second order spatial derivative
in Eq.(8) can be calculated using FFTs at each time step
as
ψxx = F
−1
[
−k2F [ψ]
]
(9)
where F and F−1 shows the forward and the inverse
FFTs, respectively [77–81]. In Eq.(9), the parameter k
denotes the wavenumber vector. This wavenumber vec-
tor contains N multiples of the fundamental wavenum-
ber, ko = 2π/L. As before, the number of spectral com-
ponents and the domain length is selected as N = 1024
and L = 80, respectively. The selection of the number of
spectral coefficients as a power of 2 ensures the efficient
computations of FFTs. The nonlinear products are in the
physical domain by simple multiplication. For the time
stepping of Eq.(8), a 4th order Runge-Kutta scheme is
implemented. Four slopes of the 4th order Runge-Kutta
at each time index, n, can be calculated using
s1 = h(ψ
n, tn, x)
s2 = h(ψ
n + 0.5s1dt, t
n + 0.5dt, x)
s3 = h(ψ
n + 0.5s2dt, t
n + 0.5dt, x)
s4 = h(ψ
n + s3dt, t
n + dt, x)
(10)
where dt is the time step. It is selected as small as dt =
5×10−4 throughout this study, to prevent the blow-up of
the numerical solutions. Then, the complex wavefunction
and time parameter at the next time steps of evolution
are be found by
ψn+1 = ψn + (s1 + 2s2 + 2s3 + s4)/6
tn+1 = tn + dt
(11)
where n denotes the iteration count [77–81]. Using the
self-localized solitons of the NLSE with the q-deformed
Rosen-Morse potential as the initial conditions, it is pos-
sible to analyze their temporal dynamics and the stability
using the computational procedure summarized above.
We depict the self-localized soliton profiles obtained by
this computational algorithm at different times in Fig. 6
for q = 0.2 and the associated time vs soliton power graph
in Fig. 7.
Checking Fig. 6, one can observe that during the tem-
poral evolution main lobe of the soliton is well-preserved.
Additionally, some minor changes in the peak amplitude
and in the side lobes are occurring. For the initial times
of the evolution, the changes in the side lobes pulsate.
Then, for longer time evolutions it is possible to observe
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FIG. 6: Self-localized one soliton profiles at different times for
q = 0.2.
that side lobes eventually vanish and the base of the soli-
ton waveform thickens. In order to examine the stabil-
ities of the self-localized one soliton profile, we present
the time vs soliton power graph in Fig. 7. Checking this
figure, it is possible to conclude that soliton power re-
mains bounded and has a steady-in-the-mean behavior
is attained for the large times of temporal evolution. We
perform a similar analysis for the value of q = 0.8 and
display the related results in Fig. 8. The time vs soliton
power graph behaves similarly to the graph depicted in
Fig. 6 for the case q = 0.2, and for the sake of brevity
with better presentation purposes are not displayed.
Next, we observe the temporal dynamics of the self-
localized two soliton solutions of the NLSE with a q-
deformed Rosen-Morse potential and depict the results
obtained for the case q = 0.8 in Fig. 8 and Fig. 9. Check-
ing Fig. 8 it is possible to conclude that the two-peaked
soliton profile is well-preserved during temporal evolu-
tion. Additionally, the decay in the peak amplitude and
development of side lobes around the main lobes of the
soliton profiles are not as significant as in the case of
one soliton solution. The graphs displayed in Fig. 9 and
Fig. 10 clearly shows that the self-localized two soliton
0 10 20 30 40 50 60
t
3
4
5
6
7
8
9
10
11
12
P(
t)
FIG. 7: Self-localized one soliton power as a function of time
for q = 0.2.
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FIG. 8: Self-localized one soliton profiles at different times for
q = 0.8.
power remains bounded with some undulations which
eventually reaches a steady-in-the-mean characteristic at
larger times of evolution. Compared to its one soliton
analog, the time series of the power of the two soliton
solution exhibits less frequent undulations. As a result,
it is possible to conclude that self-localized one and two
soliton solutions of the NLSE with the q-deformed Rosen-
Morse potential are stable, at least for the parameters
considered.
One of the problems of great practical significance is
the robustness and stability characteristics of these self-
localized solitons under the effect of noise. It is well-
known that when a monochromatic sinusoidal wave is
subjected to noise within the frame of a nonlinear model,
modulation instability is triggered and the monochro-
matic wave field turns into a chaotic polychromatic wave
field exhibiting large and unexpected waves, which are
known as rogue (freak) waves [61–64, 66, 67, 82]. How-
ever, better terminology is the rogue oscillation if these
waves are investigated within the frame of harmonic oscil-
lators [7]. Before discussing the effects of noise on the dy-
namics and stability characteristics of self-localizes soli-
tons, we first use the concept of modulation instability as
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FIG. 9: Self-localized two soliton profiles at different times
for q = 0.8.
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FIG. 10: Self-localized two soliton power as a function of time.
a benchmark problem. With this motivation, we select
an initial condition in the form
ψ0 = e
imk0x + βa(x) (12)
where m is an integer for which the value of m = 4 is
used for our calculations, β is the amplitude of noisy
perturbation which is selected as β = 0.2 and a(x) is a
vector including uniformly distributed random numbers
in the interval of [-1,1]. We use this function as an ini-
tial condition of the Fourier spectral scheme with a 4th
order Runge-Kutta time integrator that we have imple-
mented for the solution of the NLSE with the q-deformed
Rosen-Morse potential. We observe that with this initial
condition, the model we investigate exhibits rogue oscil-
lations. A typical chaotic wave field exhibiting such rogue
oscillations is displayed in Fig. 11.
We also investigate the effect of the q parameter on
the statistics of rogue oscillations modeled in the frame
of the NLSE with the q-deformed Rosen-Morse potential
and display the statistics in Fig. 12. Each of the proba-
bility distribution functions (PDFs) we display in Fig. 12
includes approximately 105 waves. These massive simu-
lations are allowing us to reach statistically meaningful
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FIG. 11: A chaotic wavefield generated in the frame of the
q-deformed NLSE using q = 0.8, β = 0.2 exhibiting rogue
oscillations.
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FIG. 12: Statistics of the rogue wave field for various values
of q.
conclusions. Checking Fig. 12, it is possible to conclude
that rogue oscillations with amplitudes ψ ∈ [0, 5] can be
observed for each q. However, the probability of observa-
tion for such a rogue oscillation is significantly higher for
q = 0.2 compared to the other values considered. Addi-
tionally, these PDFs do not behave monotonically, that
is a decrease in q does not always lead to a higher prob-
ability of rogue oscillation, as Fig. 12 confirms.
Next, we turn our attention to the dynamics and
stability characteristics of the self-localized solutions of
the NLSE with the q-deformed Rosen-Morse potential.
When we impose similar noise terms on our self-localized
solutions obtained by PM during time-stepping, we ob-
serve that they are robust under these perturbation
chaotic wave fields are not generated within the frame
of the model under investigation. In Fig. 13 subplot a),
we depict the self-localized one soliton shape at different
times. In the subplot b) of the same figure, we display
the denoised soliton shapes at different times. Denois-
ing is performed at the last step of temporal evolution.
The denoising filter we use is a 3rd order Savitzky-Golay
filter.
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FIG. 13: Self-localized one soliton profiles at different times
for q = 0.8 a) under the effect of noise b) after they are filtered
using a Savitzky-Golay filter.
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FIG. 14: Time series of the self-localized one soliton power
under the effect of noise for q = 0.8.
In Fig. 14, we display the time series of the self-
localized one soliton power for q = 0.8. As indicated
in this figure, the effect of noise can be observed how-
ever power remains bounded and reaches a steady-in-
the-mean behavior in the long time evolutions, similar
to the noiseless case. Checking Fig. 13 and Fig. 14, one
can conclude that self-localized solitons are robust under
noisy perturbations and the dynamics of the main lobe
of the soliton profile and its side lobe characteristics are
similar to its noiseless analog.
Similarly, when we investigate the effect of noisy per-
turbation of the dynamics and stability characteristics of
the self-localized two soliton solution, we obtain a simi-
lar behavior. The two soliton profiles under the effect of
noise are depicted in Fig. 13. Checking this figure, the
same conclusions can be drawn with the one soliton case.
Thus, it is possible to conclude that self-localized one and
two solitons solutions of the NLSE with the q-deformed
Rosen-Morse potential are robust and stable even under
the effect of noise.
The soliton dynamics observed here are promising and
can be used to analyze the effects of solitons on phys-
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FIG. 15: Self-localized two soliton profiles at different times
for q = 0.8 a) under the effect of noise b) after they are filtered
using a Savitzky-Golay filter.
8ical phenomena studied using q-deformed models, such
as boson physics, thermodynamics, entanglement, and
atomic physics. Our results suggest the integrability
of the NLSE with the q-deformed Rosen-Morse poten-
tial and they are possibly be extended N-soliton solu-
tions. In near future, we plan to investigate the simi-
lar characteristics of the solutions of various nonlinear
systems with a parity-time symmetric Rosen-Morse po-
tential given as V (x) = Asech2q(αx) + Bitanhq(αx) and
with an ǫ-deformed anharmonic oscillator in the form
V (x) = x2K(ix)ǫ where K = 1, 2, 3, ... and ǫ > 0 [83, 84],
which in the limit ǫ→ 0+ and for K = 1, the ǫ-deformed
anharmonic oscillator reduces to the well-known har-
monic potential V (x) = x2 giving a basis to compare
the results with the well-established results in the liter-
ature. Furthermore, the results and approach used in
this paper can also be used to investigate many different
nonlinear phenomena in atomic physics, optics, hydrody-
namics, traffic flow theory, and Bose-Einstein condensa-
tion, just to name a few.
III. CONCLUSION
In this paper, we numerically investigated the char-
acteristics and stabilities of the self-localized solutions of
the NLSE with a q-deformed Rosen-Morse potential. Us-
ing the Petviashvili method (PM), we showed that self-
localized one and two soliton solutions of the NLSE with
such a potential term do exist. The q-deformed Rosen-
Morse potential leads to a scaling of the soliton ampli-
tude as well as a spatial shift in the location of the peak
of the soliton. These solitons also satisfy the Vakhitov-
Kolokolov condition which is one of the necessary con-
ditions for the linear stability. We have also studied the
nonlinear stabilities of the aforementioned solitons using
a time-stepping algorithm. The numerical algorithm we
implemented for this purpose was a Fourier spectral algo-
rithm with a 4th order Runge-Kutta time integrator. We
observed that during the temporal evolution main lobe
of the soliton is well-preserved with some minor changes
in peak amplitude and minor side lobe changes occurring
in a pulsating manner for the initial times of the time-
stepping. For longer time evolutions we observed that
side lobes vanish and the base of the soliton profile thick-
ens. In order to examine the stabilities of these solitons,
we also presented time vs soliton power characteristics.
As a result, we observed that self-localized one and two
soliton solutions of the NLSE with a q-deformed Rosen-
Morse potential are stable. We have also investigated the
robustness of the aforementioned solitons against noise.
With this motivation, we first observed that noise im-
posed on a monochromatic sinusoidal wave turns the
monochromatic wave field into a chaotic one which ex-
hibits many peaks in the form of rogue oscillations. We
observed that the effect of q-deformed Rosen-Morse po-
tential on the statistics of these rogue oscillations hav-
ing peaks in the interval of |ψ| ∈ [0, 5] are not behaving
monotonically. That is, depending on the value of the
q-deformation parameter, an increase in the value of q
may lead to a higher or lower probability of occurrence
of rogue oscillations. However, when we investigated the
noisy dynamics of the self-localized solitons, we observed
that they are robust against white noise perturbations
and well-defined soliton shapes are well-preserved and the
soliton power remains bounded. We have also discussed
a possible way of denoising the solitons using a Savitzky-
Golay filter. To sum, we showed that self-localized one
and two soliton solutions of the NLSE with a q-deformed
Rosen-Morse potential are stable even if they are per-
turbed by white noise.
The results and approach presented in this paper can
be extended and applied to investigate many different
phenomena in nonlinear physics. Our results can be im-
mediately used to investigate the effects of soliton solu-
tions on physical phenomena studied using q-deformed
models, including but are not limited to boson physics,
thermodynamics, entanglement, and atomic behavior. It
is possible to follow a similar route to analyze the one,
two or N-soliton solutions of the NLSE or NLSE type dy-
namic equations having different potentials including but
are not limited to Eckart, parity-time symmetric Rosen-
Morse, ǫ-deformed an-harmonic, Coulomb or Yukawa po-
tentials, just to name a few. Such an analysis would bring
significant improvements and new insights into atomic
and subatomic physics. Additionally, one can extend our
analysis to higher dimensional uncoupled or coupled sys-
tems. It is also possible to investigate the interaction
of the solitons of such systems during time evolution.
Analysis of such systems would also be very beneficial in
understanding different nonlinear phenomena in optics,
hydrodynamics, and Bose-Einstein condensation.
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